Abstract-Simplified wire-type models for split-ring resonators (SRRs), both in free-space and above a dielectric half-space, are developed. The gap of the SRR in the wire model is accurately represented by including a lumped load which is the difference between the actual gap fringe capacitance and the capacitance inherent in the code wire kernel for a delta gap voltage source. The SRR arms are represented by generalized thin wires that have both an electric equivalent radius (for the rectangular conductor resting on a dielectric substrate) and a magnetic equivalent radius (for a rectangular conductor in free space, since the substrate is assumed to be nonmagnetic). In addition, an impedance per unit length (due to finite penetration of the fields into the metal) enters a local transmission line part of the generalized thin-wire algorithm. The results from the thin-wire subcell model are compared to full wave simulations of the arrays of SRR's. The full wave simulations require tens of thousands of unknowns to resolve the field penetration into the finite conductors for a single SRR, whereas the thin-wire model has good accuracy with only tens of unknowns.
INTRODUCTION
illustrates a rectangular array of Gold (Au) splitring resonators (SRRs) lying on top of a half-space of gallium arsenide (GaAs). The unit cell is a square with period p=1.34 m. The dimensions of a single gold SRR contained in the array ( Fig. 1) are provided in Fig. 2 . The relative dielectric constant of the GaAs r ε equals 10.89. The SRR has length L, width w, thickness t, and gap 2g of 0.66, 0.12, 0.1, and 0.1 μm respectively. Although the subcell model results to be presented in this paper are focused on infrared frequencies, the analytic model and the numerical procedure is applicable to other frequencies.
II. ANALYTICAL ELECTRO-STATIC FORMULAS FOR SUBCELL MODEL
A well-known conformal mapping result gives the magnetic equivalent radius 
for the near square limit, with approximate side length (w + t)/2. The surface impedance of the gold is 
where the propagation constant in the gold is
Since the width w and thickness t of the SRR are about four times larger than the penetration depth (at the resonant frequencies of the periodic arrays of SRRs), for small penetration depths the near square conductor impedance per unit length [1, 2] 
The full EIGER TM simulations to be shown in Section IV demonstrate that the first resonances of the SRR periodic lattice occur at 9.5 and 4.7 μm (frequencies of 31.6 and 63.1 THz) for the GaAs half-space and free space cases respectively. The Since the rectangular conductor is resting on top of the GaAs substrate (rather than embedded in it), the electric equivalent radius is smaller than a and is equal to 0.036 . 
The derivation of the electric equivalent radius (6) and the lumped load (7) will be published in a longer paper. Note that Schelkunoff mentions the need to treat the capacitance of the gap region in his book [3] .
III. ELECTROSTATIC SIMULATIONS FOR IMPROVEMENT OF ANALYTICAL CAPACITANCES
In order to improve on the analytic, electrostatic capacitance formulas, numerical simulations performed with Sandia's electrostatic EIGER TM code have been carried out. The results are given in Table II for two long straight rectangular cylinders separated by the gap 2g = 0.1 μm with a unit potential difference across them. These cylindrical arms correspond to the two SRR conductor arms separated by the gap 2g in Fig. 2 . In Fig. 3 a portion of the top cylinder used in the simulations is shown. (The color bands are used for differentiating sections of charge to be used for the calculations that follow.)
A. Simulations for the SRRs on a GaAs half-space
We first carry out calculations for the SRR's on top of the GaAs half-space. We sum the charges (see Table II ) on each color band out to a color that has a y value (cylinder axis position) substantially larger than the gap g but small Fig. 3 . A portion of a straight rectangular perfectly conducting cylinder which corresponds to the top right side of the SRR in Fig. 2 . The red color is located at y=+g. This nearly infinite tube is imaged about the y=0 plane (of Fig. 2 ) to model the presence of the gap.
compared to the total cylinder length. Summing the charges up to the i th color 1 .
Next we evaluate the integral of the charge on an infinitely long thin-wire of radius e a driven by a unit delta-gap voltage source from the source to the top of the color band ( Q y is determined using the equivalent radius e a in free space (note that the ratio of dielectric constants accounts for the presence of the dielectric half-space). The color magenta at y = 1.050 μm (Table II) will be chosen to satisfy the constraints on the truncation and give the most accurate results. We correct the error in the analytic formula by defining
To account for the capacitance inherent in the self-facet of the code (where the elliptic kernel is used) versus the thin-wire kernel, we use the semi-empirical relation (this formula is based on an interior-exterior correction to the gap capacitance of a thin-walled tube). Thus, 
where 0 s is the wire facet length. Finally, we introduce a lumped-load capacitance to the quasistatic wire loop .
We have carried this out at the top of the magenta band (Table  II) 
Calculations from the top of the orange along the cylinder (Table II) gave the same load capacitance to three digits.
B. Simulations for the SRRs in free space
The same formulas are used for the SRRs in free space except that we set 0 ε ε = , e a a = and s 0 is a factor of two larger (4 segments per side was used, rather than 8 segments per side, to keep from violating the thin-wire approximation). 
Since the orange gave a slightly different answer (probably because of fringe effects at the end of the tube), while magenta and white gave the same result (positions defined in Table II) , we chose the magenta load capacitance value to use in the subcell model.
III. QUASI-STATIC SUBCELL MODEL
For the wire subcell, we add the lumped loads of Sections III and the transmission-line term (the electric radius was input since it is consistent with the presence of the dielectric half space; the second reactive term in the input parameter to the generalized thin-wire algorithm accounts for the magnetic equivalent radius). Thus,
is used in the electric-field integral-equation for the wire (Z is the appropriate impedance term from Table I and e a a = for the free-space case).
IV. RESULTS
Figures 4 and 5 show the transmission coefficients for the periodic array of the split ring resonators for the free-space case and the case of the resonators sitting on top of the GaAs half-space calculated using full-wave EIGER TM simulations and for EIGER TM simulations using the subcell models described in the previous sections. Accurate full-wave modeling of skin depth penetration at the 9.5μm resonance frequency requires a fine mesh consisting of 29,880 unknowns. This mesh is illustrated in Fig. 6 . The full-wave EIGER TM simulations were run on 64 processors (32 dual 3.6 GHz Intel ® Xeon ® nodes) of Sandia's Thunderbird massively parallel computer and took 3.5 hours per frequency point.
The wire subcell models of the SRRs are limited by the condition that each segment length should be greater than twice the equivalent wire radius, i.e. s 0 >2a e . This limitation on the number of elements for the subcell models leads to a maximum of 16 elements for the case of the SRRs in free space and a maximum of 32 elements for the case of the SRRs on top of the GaAs substrate. This limitation on the number of elements is required so the thin-wire approximation remains valid in the code. A representative wire mesh for subcell modeling is given in Fig. 7 .
The subcell EIGER TM simulations were run on a single processor (a single core of a 2.93 GHz quad-core Intel ® Xeon ® X5570) and took 7 seconds per frequency point.
Figures 6 and 7 show some small shifts and small differences in magnitude in the transmission coefficients which is expected given the simple nature of the thin wire model used. 
V. SUMMARY
In this paper, we have carried out a numerical-based correction process to improve the analytically-based lumped gap capacitance formulas. We have used these formulas in a thin-wire subcell formulation and have tested it for computing the transmission coefficients of a periodic array of SRRs sitting on a GaAs half-space, as well as for a periodic array of SRRs in free space. In both cases excellent agreement has been obtained. Due to the rapid calculations of the wire subcell model, we have shown that this is a promising approach for more complex metamaterials. 
